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Abstract 


A  complete  solution  is  given  for  the  problem  of  constructing 
a  plane  stratified  dielectric  medium  having  the  property  that  at  a 
fixed  frequency  and  polarization  a  plane  wave  at  any  angle  of  incidence 
will  be  transmitted  without  reflection  by  the  inedium.  This  problem  can 
also  be  interpreted  quantum  mechanically.  The  dielectric  medium  of  the 
first  interpretation  becomes,  in  the  second  interpretation,  a  potential 
for  the  one -dimensional  Schrodinger  equation  such  that  a  particle  which 
is  sent  in  from  -oo  is  transmitted  with  probability  one  of  getting 
through  to  +00,  no  matter  what  the  initial  kinetic  energy  of  the  particle 
may  be. 

In  addition,  the  results  can  be  applied  to  the  problem  of  find- 
ing perfectly  matched  non-uniform  transmission  lines. 
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1.  Introduction 

A  difficult  problem  of  practical  as  well  as  theoretical  interest  if- 
the  construction  of  a  solid  dielectric  medium  which  is  perfectly  transparent  to 
electromagnetic  radiation.  Generally  the  index  of  refraction  of  tlie  medium  is 
required  to  vary  between  set  minimum  and  maximum  values,  and  the  medium  itself 
must  be  confined  to  a  slab  of  finite  thickness  bounded  on   either  side  by  a  vacuumo 

The  problem  as  stated,  however,  is  an  ideal  one  wiiich  seems  impossible 
to  solve.  The  most  one  can  hope  to  do  is  to  guarantee  that  a  large  percentage  of 
the  incident  energy  in  a  given  frequency  band  over  a  gi\-en  range  of  incidence 
angles  will  be  transmitted  with  a  correspondingly  small  percentage  of  the  energy 
reflected  by  the  medium. 

As  a  start  toward  investigating  this  restricted,  but  still  difficult, 
version  of  the  problem  it  seems  reasonable  to  look  for  dielectric  media  which 
are  transparent  in  an  e-'/en  more  limted  sense.  Thus,  we  shall  consider  an  in- 
finite class  of  dielectric  media  having  the  following  properties : 

(1)  Each  medium  in  the  class  will  have  a  plane  stratified  variable 
index  of  refraction  extending  from  -co  to  +ooj 

(2)  At  all  angles  of  incidence  but  at  a  fixed  frequency  and  polariza- 
tion a  plane  wave  incident  from  -co  vdll  be  transmitted  to  +oo 
without  reflection; 

(3)  The  index  of  refraction  of  each  medium  will  vary  continuously 
thj^oughout  and  will  approach  unity  at  both  -co  and  +oo» 

There  is  some  hope  that  the  results  to  be  given  here  can  be  applied  to  the  more 
complicated  practical  problem  after  further  investigation.  That  is,  in  the  in- 
finite class  of  dielectrics  we  shall  obtain  there  may  be  one  or  more  which  satis- 
fies all  requirements  of  the  original  problem  well  enough  to  be  of  use. 
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We  start  vjith  the  vrave  eqiiation  in  a  plane  stratified  medium  with  an 
index  of  refraction  n(x),   -oo  <  x  <   oo: 

(1.1)  Aw(x,y,z,k)   +  k  n  (x)  w(x,y,z,k)      =     0  • 

It  is  convenient  for  physical  reasons  to  assume  that  the  index  of  refraction 
has  the  form 

(1.2)  n^(x)  =  1  +  n^(x)  . 

For  an  incident  plane  wave  we  can  assume  that  the  solution  of  (l.l) 
has  the  form 

(1.3)  w(x,y,z,k)  =  u(x,k)  exp[ik(y  cos  p  +  z  cos  y)J  > 

if  the  propagation  direction  is  given  by  the  direction  cosines:  cos  a,   cos  p, 
cos  Y»  Using  (1.2)  and  (1.3)  in  (l.l)  we  arrive  at 


,2 
1 


2 
(l.U)  liii2S^  +   [e  -  V(x)]  u(x,E)   =  0  , 


where 


(1,^)  E  =  k  cos  a  and  V(x)  =  -k  ji  (x)  . 

We  note  that  V(x)  nrust  be  negative  or  zero  for  all  x  for  any  physically  reali- 
zable medium. 

Our  problem  now  is  to  find  a  function  V(x)  such  that  for  a  solution 
u(x,E)  of  (loU)  having  the  property  that 

u(x,E)  ^  expFi  ylT  xj         as  X  ->•  -00 

we  shall  have 

(1.6)  u(x,E)  --  t(E)  exp[i  yE"  x]      as  x  ->  +od  . 
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We  shall  see  in  r-rhat  follows  that  an  infinite  class  of  such  functions  V(x)  can 
be  constructed.  In  addition,  it  will  be  proved  that  each  V(x)  is  continuous  and 
everywhere  negative  for  all  real  x  and  thBtV(x)  approaches  zero  exponentially  as 
X  approaches  +00  or  -00.  Every  V(x)  of  the  infinite  class  of  functions,  as  well 
as  the  corresponding  solution  u(x,E)  of  (l.I;),  will  turn  out  to  be  an  elementary 
function  of  x.  It  will  be  shown  in  Appendix  1  that  these  functions  V(x)  are  the 
only  possible  ones  satisfying  our  conditions. 

Note  that  (l.Ii)  is  the  one-dimensional  Schrodinger  equationo  Another 
physical  inteipretation  of  the  functions  V(x)  we  shall  construct  is  therefore 
possible:  each  such  V(x)  is  a  potential  which  has  the  property  that  it  will  allow 
an  incident  pai-ticle  to  pass  through  it  with  probability  one,  no  matter  what  the 
particle's  initial  kinetic  energy  may  be. 

Another  possible  application  of  the  results  might  also  be  mentioned  at 
this  point.  There  exists  a  transformation'--'  which  changes  an  equation  of  the 
form  (l.U)  into  the  transmission-line  equations  for  a  two-wire  line  with  variable 
capacitance  and  inductance.  In  this  case  the  transmission  line  corresponding  to 
any  V(x)  we  obtain  having  properties  just  described  will  be  matched  perfectly  at 
all  frequencies,  so  that  a  voltage  or  current  wa-ze  sent  in  from  the  left  will 
travel  toward  the  right  with  no  reflection.  The  necessary  transformation  will  be 
given  in  Appendix  2, 

The  situation  here  resembles  one  described  by  Bargmann  L-^J  for  the  radial 
SchrcTdinger  equation  with  zero  angular  momentum.  Bargmann  has  produced  an 
example  of  a  potential  for  the  radial  equation  such  that  the  corresponding 
zero  angular  momentum  asymptotic  phase  shift  is  zero.  In  spite  of  their 
superficial  resemblance,  hovxever,  the  problem  considered  here  and  the  ex- 
ample of  Bargmann  are  quite  different  in  several  important  respects. 
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2,  Construction  of  V(x) 

To  obtain  a  2N-parameter  family  of  functions  V(x)  each  of  which  has  the 
desired  properties  we  first  choose  N  arbitrary  positive  constants  A  and  N  arbi- 
trary positive  constants  x  .  We  shall  assume  that  a  corresponding  solution 
u(x,E)  of  (l.U)  has  the  form 

f     N  ) 

(2.1)     u(x,E)  =  h.  +  zi  t(^y(v  ^>^  ^1  ®^[v]f®^[^  >^^]  • 


The  functions  f  (x)  are  defined  to  be  solutions  of  the  N  linear  algebraic  equations 


(2.2) 


•n  ^^[VJZ:^  [^^[V]/(V  %[|^v^^4  *  ^nW  -  A^  exp[x^x]  =  C 


n 


t  f  II   . 


It  will  tvirn  out  that  the  differential  equation  (I.I4)  has  N  discrete  eigenvalues, 
E  =  -X  ,  and  the  functions  f  (x)  are  the  corresponding  eigenfunctions. 

Before  we  can  prove  the  main  result  it  is  necessary  to  show  that  the 
system  (2,2)  has  a  unique  solution  for  the  set  of  N  functions  f  (x) : 

Lemma  1.  The  system  (2.2)  has  a  non-singular  coefficient  matrix  whose 
determinant  is  positive  for  all  finite  x. 

Proof .  The  coefficient  matrix  of  (2.2)  can  be  written  I  +  A,  where 


(2.3) 


I     = 


6      II  ,   the  unit  matrix. 


A     = 


==     |l^n^^[V\]/(V  Vil 


We  apply  the  diagonal  transformation 


(2.h) 


D  = 


rV2 


n 


nv 
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to  (2,2),  obtaining  the  result 


-1/2 

where  we  define  2  (x)   =  A     '^     f  (x) .      For  the  syimnetric  matrix  of  (2.5)  we  vrrite 


(2.6) 


^1/2  ^1/2  expRx  +  X  )x1  /  (x  +  X  ] 
n        V  L   n      V    J  /       n      v 


D  A  D"-"-     • 


Since,  according  to  (2.6),  the  matrices  A  and  A  are  similar,  we  have 


(2.7) 
and  also 


det  A  =  det  A 


det  (A  +  I)  =  det  (^  +  I)  . 


We  can  now  work  with  the  symmetric  coefficient  matrix  A  +  I  of  (2o5)» 

To  prove  that  det  (A  + I)  >  0,  it  is  sufficient  to  prove  that  det  A  >  0. 
We  shall  show,  in  fact,  that  A  is  a  positive  definite  matrix;  that  is,  given  any 


set  of  N  numbers  y  , 


(2.3) 


T2      yy    A""-/^  A^/^  expRx  +  x  .)xl/(x  +  x^,)  >  0 
^ — >,  ''n'^v  n    V    ^   n   v  /  n   v 
n,v=l  •-       -^ 


unless  all  the  y  are  zero, 
n 


The  left  side  of  (2.8)  can  be  written 


X 

r     N 


(2.9) 


J~;   A^/^A^/^  yy    expRx  +  X  )z1 
<- — J,  n   V   •'n*'v   ^U"  n   v  J 

—  on   * 


dz  = 


;-oo 


y-oo 


^   \     y-n  "^fn^] 
n=l  ■-  -■ 


dz 


Expression  (2.9)  is  alwajrs  positive  unless 

"   ,1/2 


^  ^n   ^n^^M  =  ° 


for  all  z  between  -co  and  x.  It  follows  at  once  that  (2.9)  is  positive  unless 
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every  y    is  zero,   and  thiis  Lemma  1  is  proved. 


'n 


The  main  result  can  now  be  proved: 

Theorem  1.  The  function  u(x,E)  defined  in  (2.1)  and  (2.2)  satisfies 
the  differential  equation 

(2.10)        d^u/dx^  +   [2  -  V(x)]u  =  0  , 


(.1*1)}/ 


dx 


where 

(2.11)        V(x)  =  -2  d^  |log  det 

and  ^  is  the  symmetric  matrix  of  (2.6). 

define  two  sjTiibols  L  and  M  to  represent  the  differen- 


Proof .  For  convenience  we 
tial  operators 

and 


n 


,2  ,,  2 


L  =  d  /dx^  +  E  -  V(x) 


M  =  d 
n 


■/dx    -  K^  +  V(x)J  . 


We  substitute  the  expression  for  u(x,E)  given  by  (2.1)  into  the  ex- 
pression to  the  left  of  (2.10).  We  obtair. 


(2.12)   Lu  = 


n=l  L      J    U  J  [_n=l  _ 


•exp 


[lysxj 


\ 


Obviously  (2.12)  is  zero  if  f^(x)  satisfies 


(2.13) 
and  also 
(2.1b) 


M  f  (x)  =  0 

n  n 


v(x)    =   2dJz^fnW  e^[v]7  ^ 


We  ai 


pply  the  operator  M^  to  the  n-th  equation  of  (2.2)  and  substitute  the  expression 
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for  V(x)  given  by  (2,114).  The  result  is 

N 
(2.15)   M^f^(x)  ^  A^  exp[x^xj  -^^  [M^f^(x)/(x^+  x^)J  exp[x^x]  =  0  . 

Equations  (2,l5)  are  a  homogeneous  system  of  linear  algebraic  eqxxations f or  the 
quantity 

n  n 
vath  coefficient  matrix  A  +  I.  By  Lemma  1,  this  matrix  has  an  inverse  and  therefore 

M  f  (x)  =  0  . 
n  n 

Thus,  (2.13)  is  satisfied  by  the  f  (x)  as  defined  in  (2.2)  when  V(x)  has  the  de- 
finition (2,lU)o 

At  this  stage  we  know  that  for  V(x)  given  by  (2.lU)  the  u(x,E)  defined 
by  (2.1)  and  (2.2)  satisfies  (2.10).  It  remains  to  show  that  (2.1ij)  and  (2.11) 
are  equivalent  statements.  To  do  this  we  vnrite  the  solutions  f  (x)  of  (2.2)  in 


determinant  form  and  put  them  together  in  the  expression 

N 
Z^  f^(x)  exp[x^x]  . 


By  inspection  it  can  be  seen  that 

N 


2.16)     ^    f^(x)exprx^x1  =  -djlog  det(A  +  I) j  y4c  =    -djlog  det(^+I)jydx 


( 

The  theorem  follows  at  once  from  (2.1h). 
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3,  Properties  of  V(x) 

It  follows  from  Lemma  1  and  (2.11)  tliat  V(x)  is  boimded  and  continuous 

for  all  X, 

Now  we  shall  demonstrate  tvjo  important  properties  of  the  function  V(x) 

constmcted  in  Theorem  1.     To  do  so  we  shall  need  smother  lemma. 


Lemma  2.     det 


{u.} 


has  the  form 


(3 


.1)  det|^+l}    =    1  +  Z2    \  ^[^n""] 


where  each  a     and  p     is  a  positive  constant. 


Proof.     V/e  recall  that 


t 


(3.2) 

and  thus  we  have 


aV^  a]/'  exp[(x^.  x^)x]/(x„.  x^) 


(3.3)     det  1     =       (detll  (x^+  \)"^lj)  f  IT    aJ   exp 


r/N 


v-ii 


Also,  since  ||  (x  +  x  )   |1  has  the  form  of  A,  by  Lemma  1  it  has  a  positive  deter- 
minant. Therefore,  by  (3.3),  det  t   has  the  form  a  exp[px]  with  a  and  p  positive 
constants.  The  same  result  holds  for  every  principle  minor  of  A  since  the  prin- 
ciple minors  all  have  the  saine  form  as  det  $, 


Now  the  characteristic  polynomial  of  A  is 


(3.1) 


det 


{^-.Xl} 


X^.  a^X^^--^  .  .., 


^\» 


where  a  is  the  sum  of  the  principle  minors  of  A  of  order  r  (e.g.,  a.  =  det  A  and 
a^=  tr  ^).  If  we  set  X  =  1,  the  lemma  follows. 

One  would  expect,  physically,  that  if  V(x)  were  ever  positive,  there 
would  have  to  be  a  non-zero  reflection  for  values  of  E  below  the  positive  naxim.um 


9 


of  V(x),  This  is  contrary  tc  the  fact,  obvious  from  Theorem  1,  that  u(x,E)  con- 
tains no  reflected  part.  Actually  we  can  make  a  slightly  stronger  statement. 

Theorem  2.  V(x)  is  negative  for  all  finite  x. 


Proof*  Writing 

vre  have 
(3.?) 


A  =  det  ^  +  1   , 

v(x)  -  .2(aa"-a'2)/a' 


from  (2.11) «  The  primes  mean  differentiation  iiith  respect  to  x.  Vje  must  show, 
then,  that 

A  A"  -A'2   >   0 

for  cill  finite  x.     We  have  by  Lemma  2, 


A  A"  -  A 


"   /\  '2 


(3.6) 


i-zzv^M  ^^nV^M  "  z:pn%^"pM 


n        •-  -*     n,v  •-       -* 


By  Lemma  2  the  a  and  p  are  positive^  therefore,  (3.6)  is  positive.  This  com- 
pletes the  proof  of  Theorem  2, 

Finally,  let  us  examine  the  asymptotic  behavior  of  V(x),  We  state 

Theorem  3.  V(x)  approaches  zero  exponentially  as  x  approaches  either 
+  00  or  -oo» 


Proof.  From  the  proof  of  Theorem  2  we  have  for  the  form  of  V(x) : 
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V(x)  =  -  2  . 


n         •-  -*      n,v  "-       -"I 


(3.7) 


n        *-  -•    rijV        •-       -J 


-1 
>    • 


Now  suppose  p  is  the  largest  of  the  constants  p  •  Ihen  the  term  in  the  denomina- 
tor of  (3»7)  of  largest  exponential  grovrth  as  x  approaches  +oo  is  that  for  which 
n  =  V  =  |i,  that  is,  for  which  the  exjjonent  is  2p  .  This  term  is  obviously  missing 
from  the  numerator  of  (3e7)j  thus,  the  denominator  grows  faster  than  the  ntimera- 
tor,  and  V(x)  approaches  zero  as  x  approaches  +co»  As  x  approaches  -oo,  V(x) 
obviously  approaches  zero. 


li»  Example 

Consider  the  case  of  one  constant  A_   and  one  constant  x,  •     The  sytem 

(2o2)  will  consist  of  a  single  equation: 

(U.l)  A^  expfx^xl   +  f^(x)   +   pLj^  exprSx^xly^Xjl   f^(x)     =     0     • 


Thus 

a.2) 


C^(x)     =     -  A^  expfx^xl/  |l  +  A^expr2x^^2Xjl 


(1.3)       u(x,E)     =     . 


-  A^exp px^xj/  [l  +A^exp r2x^x1/2Kj  \yL+  i  yFl  I  exp [i  >^  x] 

and  from  (2.11),  since  det|l+^?    =  1  +  A^  exp px^xly^-H^,  we  have 
(U.I4)  V(x)     =     -  Ux^  A^  expr2Xj^xl/fl+A^  expr2Xj^x']/2xn       . 
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We  observe  that  V(x)  has  a  single  finite  niinimum  and  no  finite  niaxinium. 

It  is  interesting  to  find  the  position  and  value  of  the  mininrun  of  V(x)  in  terms 

of  the  two  parameters  A-  and  x-, .  We  have  for  dV/ds  I    =  0: 

'       o 

-  8x^  A^  exp  r2x^x  1  1  +  A^exp  I^h^^x  l/2x^     +  8x^A^  exp  H^x^x  1      =     0 

for  the  position  x     of  the  minimum.     Solving  for  x     we  have 

o  o 

ih.^)  x^  =   [log(2x^/A^)y2x^  . 

At  its  minimtm  position, 

(U.6)  V(x^)  =  -  2xJ  . 

The  value  of  the  minimum  depends  only  on  -x^  .  'Thus,  for  a  prescribed  minimim  value 
of  V(x)  the  position  of  this  minimum  can  be  chosen  arbitrarily  by  a  proper  choice 
of  A^. 

5»  Conclusion  and  remarks 

Formulas  (2.6)  and  (2.11)  enable  us  to  determine  a  2N-paraTieter  family 
of  functions  V(x)  which  in  turn  determines  a  2N-parameter  family  of  dielectrics 
through  (1.2),  ^ormiila  (2.1),  along  with  (1.3)  and  (l.ij),  demonstrates  that  the 
dielectric  media  are  all  transparent  in  the  restricted  sense  described  in  the 
Introduction. 

Since  V(x)  is  everywhere  negative  there  must  be  at  least  one  discrete 
eigenvalue  in  the  spectrum  of  (l.l^).  We  can  actually  say  more  than  this:  since 
in  the  proof  of  Theorem  1  we  saw  that  \f„(x)  ■  0,  where  M^  was  defined  to  be 
the  operator 

dVdx^  +  E  -  V(x) 
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2 

vdth  E  replaced  by  -x  ,  and  since  each  f  (x)  is  obviovisly  a  square  integrable 

f-unction  in  the  interval  -oo  <  x  <  +00,  it  follows  that  there  must  be  N  discrete 

eigenvalues 

2 

E  ='  -  X  ,  n  =  1,  ....  N 

with  corresponding  eigenf unctions  f  (x)» 

The  example  of  Section  h,   had  a  single  eigenvalue.  Now  we  can  make  the 
minimum  of  V(x)  in  that  example  as  large  as  we  please  in  absolute  value,  accord- 
ing to  (I(«6),  and  the  larger  we  make  it  the  narrower  will  be  the  interval  on 
which  V(x)  differs  appreciably  from  zero,  '^his  is  true  because  the  area  between 
V(x)  and  the  x-axis  is  necessarily  limited  by  the  presence  of  only  one  eigenvalue, 
To  get  a  'broader'  V(x)  we  would  have  to  consider  a  case  with  more  parameters  A 

and  X  . 
n 

From  (i|»3)  we  see  that 

u(x,E)  -~  exp[i  yE"  xj  as  x  ->  -00 

(5.1) 

u(x,E)  ~   (i  >^  -  \^A^  ^  *  ^\   exp[i  yE"  x] 


as  X  ->  +00  . 


The  transmission  coefficient  (the  coefficient  of  the  exponent)  has  the  absolute 

value  unity,  as  it  shoiild.  Moreover,  it  has  a  pole  at  E  =  -x  (the  eigenvalue), 

as  standard  theory  tells  us  it  should.  It  can  be  seen  easily  that  in  general  the 

transmission  coefficient  is  alvrays  independent  of  the  constants  A  :  i.e.,  it  is 

a  function  of  the  x  alone, 

n 
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Appendix  1;  Proof  that  the  V(x)  we  have  constructed  are  the  only  ones  which 
there  is  no  reflection 

r3i 

It  has  been  shown  ^-'  that  a  necessary  condition  for  a  siiitable  function 
V(x)  in  (l.li)  is 
(A.l)  V(x)  =  2dK(x,x)/dx 

where  K(x,y)  is  a  fvmction  of  x  and  y  which  satisfies  an  integral  equation 


?■ 


(A.2)      0  =  R(x  +  y)  +  K(x,y)  + 


R(y+  z)  K(x,z)dz 
-co 


for  all  real  values  of  x  and  for  values  of  y  between  -co  and  x.  The  function 
R(x+  y)  is  defined  by 


(A.3)  R(x+y)  =  (2n)"^ 


00 

C  .       ,      N 


;-oo 


r(k)expr-ik(x  +  y)]dk  -  i.J2^    r  exp^ik  (x  +  y)l 

n=l  ^    1-  ^     J 


2     2 
where  r(k)  is  the  complex  reflection  coefficient  of  (l.ii),  E  =  k  =  -x  are  the 

'     n    n 

discrete  eigenvalues  of  (l.U),  and  the  r  are  certain  numbers  on  the  positive 
imaginary  axis.  Since  in  our  problem  r(k)  -  0,  (A.2)  becomes  on  writing  r  =  lA. 

N  N      /^ 

(A.li)  0  =  £]  V^W^'^yM  ■"  ^^""'^^  *  ZU  \    K(x,2)exprxjy  +  z)|dz  . 

n=l      ^      -•  n=l     }    ^  *-      -^ 

y-co 

It  is  obvious  from  (A»ii)   that  K(x,y)  has  the  form 

N 

(A.5)  K(x,y)     =    ZZ    ^r^-^^  ®^  [vl     * 

n=l  L.     J 

Substitution  of  (A,5)  into  (A.ii)  produces  the  system  of  equations  (2,2)  for  the 
fvmctions  f  (x)»  By  Lemma  1  the  system  has  a  unique  solution^  therefore,  K(x,y) 
and  hence  V(x)  are  unique  for  a  given  R(x  +  y)  of  the  form  assvmed.  When  r(k)  =  0 
this  form  is  the  only  one  possible  for  R(x+y)« 
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AppencUjc  2 

Consider  the  inhoraogeneoiis  transmssion-line  equations  with  variable 
capacitance  C(z)  and  variable  inductance  L(z): 

dV(z)/dz  =  icoL(z)  I(z) 

(A.6) 

dl(z)/dz  =  i«C(z)  V(z)  , 

where  V(z)  is  the  voltage,  l(z)  the  current,  and  co  the  circiolar  frequency.  We 
can  define  a  local  characteristic  impedance 

(A.7)  Z(z)  =   [l(z)/C(z)]^/^ 

and  a  local  wave  velocity 

(A.8)  v(z)  =  [l(z)C(z)]-^/^  . 

Let 

(Ao9)  7(z)  =  [l(z)]-^/^  . 

Then  with  the  changes  of  variables 

V(z)     =     [z(z)]^/2  u(2)   , 

(A.IO) 


[l/v(z)]dz 

J'-CO 


we  have 


(A.ll)  d^/dx^  +     ^^-  P(x)JU     =     0  ,■ 

where  P(x)  is  related  to  Y(z(x))  by 

(A,12)  d^/dx^  -     P(x)T     =     0  . 

Note  that  (A. 11)  has  exactly  the  same  fonn  as  (l.U)  with  P(x)  replacing 
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the  'potential'  V(x)  there.  Moreover,  (A. 12)  is  the  same  as  (A»ll)  -vrlth.  co  =  0 
and  U  replaced  by  Y» 

To  VLse  this  result  we  observe  that  if  x  — »  -oo  when  z  -^  -co  and  if 
X  -^  +03  when  z  -»  +oo,  x  being  a  monotonic  function  of  z  (these  conditions  must 
be  satisfied),  then  when  P(x)  represents  a  reflectionless  potential  the  trans- 
mission line  given  by  (A, 6)  is  reflectionless.  To  get  the  characteristic  iri- 

-1/2 
pedance  we  choose  the  solution  T  of  (A. 12)  such  that  Y->Z  '  asx— »-co, 

v;here  Z  is  any  desired  limiting  value  of  the  characteristic  impedance  at  -oo, 
and  d?/dx  approaches  zero  as  x  -^  -oo.  We  have  shown  how  to  construct  a  solu- 
tion of  (A, 11)  as  well  as  the  P(x)j  thus,  we  can  obtain  T  by  considering  the 
special  case  of  (A. 11)  for  wMch  co  =  0« 

Note  that  our  procedure  determines  only  the  characteristic  impedance 
Z.  The  wave  velocity  v  can  be  chosen  more  or  less  arbitrarily  provided  it  is 
such  that  X  and  z  are  monotonically  related  as  assvuned. 
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